We present a simple thermodynamic calculation for a strongly partitioning eutectic system, to examine how the critical nucleus energy changes, depending upon assumptions of the chemical diffusion. The calculations show that for strongly partitioning systems, the maximum undercooling may occur at a composition significantly different than the eutectic composition, particularly if the rate of diffusion is slow in the undercooled state. These simple calculations emphasize the role that partitioning and composition may play in determining optimal compositions in metallic glass systems, which typically occur near (but not at) deep eutectic compositions.
Introduction
In recent years, the interest in bulk metallic glass (BMG) materials has grown rapidly, due to the discovery of compositions with significantly smaller critical cooling rates, and the formation of amorphous samples with larger cross sections. There are a number of guidelines that have been developed that have been suggested to help glass formation, including: (1) negative, large magnitude heats of mixing between the major elements in the liquid phase; (2) compositions are close to a ''deep eutectic'' where the composition stabilizes the liquid to a low temperature; (3) large numbers of element types, particularly with different sizes that may frustrate the crystalline phase. These ideas are clearly focused on the phase diagram of the material, attempting to control the driving force for crystallization.
From a theoretical standpoint, the theory of glass formation has had a somewhat different focus. In particular, the role of dense packing, [1] [2] [3] [4] [5] size effects, [6] [7] [8] and local structure [particularly icosahedral order 9, 10) ] have dominated the literature. Simulations have typically used single-component or binary systems, often with little characterization of melting temperatures or phase diagrams. These issues are compelling, and much has been learned, but some of the ideas are difficult to probe experimentally. In practice, these theories have not been broadly used to guide the determination of optimal glass-forming compositions. Another approach to understanding BMG behaviors has been to use various parameters that attempt to correlate glass formability with thermodynamic quantities (including the melting temperature, the glass formation temperature, and the crystallization onset temperatures during devitrification).
11) Such correlations have had various degrees of success, but typically can only be used after the glass composition has been determined.
In this work, we pose the following question: If all of the thermodynamic behavior was known, including not only the phase diagram but the underlying free energies Gðx; TÞ for all phases, how could we use this information to guide the choice of compositions that may form good glass formers? Of the guidelines above, the simplest choice would be to choose the composition with the deepest eutectic temperature. This approach would incorporate the heat of mixings, and the size, chemistry, and number of components would be reflected in the phase diagram (as a function of all relevant compositions). However, it is well known that simply choosing the deepest eutectic temperature does not necessarily produce the optimal composition. Given this, how could the thermodynamic information be used to guide the alloy development?
The problem of glass formation can be considered as a problem of nucleation and growth: the simplest view of glass formation is that it is the absence of crystal nucleation. [12] [13] [14] In this paper we discuss the role of chemical partitioning on the energetics of critical nuclei. The dynamics of nucleation where the formation of crystalline order strongly couples to the local composition are poorly understood, and depend very much on the magnitude of segregation, the diffusion rates, and the free energies. 15, 16) We demonstrate these issues, by using two calculations of the free energies of critical nuclei, with differing assumptions about the chemical diffusion. In the limit that diffusion is fast, chemical equilibrium may be reached quickly, and the energy of the nucleus is a true saddle point in the free energy. 17) However, in the limit of very slow diffusion, the appropriate crystal nucleus may have the same chemical composition as the surrounding liquid, and have a much higher free energy. We calculate the energies in these two limits, and show that they are significantly different, and change the ''ideal'' glassforming composition.
Calculations of Critical Nucleus Energetics
For homogeneous nucleation, the free energy of the critical nucleus is given by
and bulk phases. For small undercoolings ÁT ¼ T m À T, the driving force, ÁG, for a pure system may be written as
where L is the latent heat of the system and T m is the melting temperature. The latent heat is related to the change in entropy at the transition by L ¼ T m ÁS, where ÁS is the change in entropy at melting. Typical values of ÁS are close to the ideal gas constant R. This relationship is known as ''Richards' law.'' In the case where there is a strong change in composition between the solid and liquid phases, the situation is more complex. One can envision two limits: if diffusion is very fast, then the nucleus and surrounding liquid will be in chemical equilibrium. 17) To be in chemical equilibrium, the chemical potential difference A À B must be equal in both the solid phases. The driving force for crystallization, ÁG, is then given by the difference in chemical potentials of A (or B ) as shown in Fig. 1 (a). The opposite limit is that diffusion is very slow. In the limit that diffusion may be neglected, the crystal nucleus has the same composition as the surrounding liquid, and the free energy is the difference between the liquid and solid phases at the same concentration. This free energy difference is shown schematically in Fig. 1(b) . Note that in the second case, the driving force is less than the first case. In fact, the metastable liquid phase can have a lower free energy than the solid phase at the same composition. In this case, without diffusion, there is no driving force for nucleation, and crystallization may not occur.
Conventionally, the temperature where the free energies of the two phases cross at a given composition is termed T 0 ðxÞ, which occurs between the solidus and liquidus temperatures, T sol ðxÞ and T liq ðxÞ (for a given solid phase). This is the highest temperature where partitionless nucleation or growth may occur at a given composition. The effect on growth has been discussed previously, and rapid solidification studies have shown that at sufficiently high growth rates, the diffusion rate is too slow for eutectic growth, and an amorphous phase may occur. 18) Essentially, in this case, the amorphous phase becomes sufficiently stable that growth of the crystal phases can not occur, due to the absence of diffusion. More generally, the competition between primary phase growth, coupled eutectic growth, and the formation of an amorphous phase is dependent on both the composition and cooling rate.
Nucleation in the more realistic case is significantly more complicated: the rejected solute from the formation of the crystal nucleus will form a solute-rich region around the The difference between the liquid phase free energy and the solid phase with the same composition is given by ÁG non . When diffusion is slow, the composition will remain nearly the same throughout the system, as indicated on the bottom. nucleus, impeding further growth of the nucleus. The solute profile will depend on the diffusion rate in both phases, and on how much of the solute is rejected from the forming nucleus. The composition in the nucleus may be different than the equilibrium concentration as well. This is a rich area; for examples of models of coupled nucleation, see refs. 15, 16) .
Rather than treating the dynamics explicitly, we consider the energetics of the critical nucleus. We are interested primarily in the case where the crystal phase preferentially has a different composition from the liquid phase, i.e., the case of solute partitioning. The lowest energy nucleus occurs when the driving force is the largest, i.e. when the solid nucleus is in chemical equilibrium with the surrounding liquid. However, when diffusion rates are slow, kinetically the transformation may occur with a different concentration in the nucleus. As indicated above, in the limit where the composition does not change (the zero diffusion limit), the nuclei have the same composition as the surrounding liquid.
In the fast diffusion limit, the driving force is ÁG diff , and we estimate this quantity by the difference between the liquid free energy and the free energy of the solid system in chemical equilibrium with the liquid (shown in Fig. 1(a) ), each at the composition x. For the nucleus to be in chemical equilibrium with the surrounding liquid, the chemical potential difference, A À B , must be the same in both the original liquid, and in the nucleus. For temperatures above T 0 , the nucleating solid has no driving force for nucleation, unless solute flow can occur. In the non-diffusive limit, the driving force is ÁG non ¼ G liq ðxÞ À G sol ðxÞ, as indicated in Fig. 1(b) , and is positive only below the temperature T 0 . In all cases, these free energies satisfy ÁG non ÁG diff . From eq. (1), we immediately see that the critical nucleus energy in the non-diffusive case, ÁG Ã non , is therefore usually significantly greater than that that of the diffusive case, ÁG Ã diff . This is not surprising, of course; it simply says that the critical nucleus with a constraint has a higher energy than that of the unconstrained case.
Calculations and Results for Model Eutectic System
To illustrate these points, consider a model eutectic system, based roughly on the Ni-Nb system, considering only the face-centered cubic (FCC) Ni, body-centered cubic (BCC) Nb, and liquid phases. We assume that the solid phases behave as regular solutions, i.e. their free energy has the form
Here, G 0 and G 0 are the molar free energies of the pure (monatomic) and phases, respectively. The molar concentrations are given by x A and x B , satisfying x A þ x B ¼ 1, and the heat of mixing between the A and B atoms is H mix per mole. The final term in eq. (3) corresponds to an ideal entropy of mixing, with the ideal gas constant R. The latent heat for the pure phases is estimated to be L ¼ T m R (per mole), which is approximately true for most metals. For small undercoolings, the temperature dependence of G 0 À G liq and G 0 À G liq are well approximated by eq. (2), and this expression is used at all temperatures.
The melting temperatures of the pure and pure phases are chosen to be those of Ni and Nb, respectively. Other parameters are given in Table 1 . In particular, the heats of mixing are all negative, and have been chosen to roughly equal those in Ref. 19 ). The parameters in Ref. 19 ) include temperature-dependent enthalpies of mixing, and more realistic descriptions of the free energies of the pure phases than we have included here. Furthermore, terms beyond the ''regular solution model'' of eq. (3) have been included to better describe the concentration dependence of the enthalpy of mixing. Calculations using more accurate thermodynamics are currently in progress. 20, 21) We have chosen to omit these complications for the present work, to examine the qualitative behavior of nucleation in deep eutectics. Therefore, the results presented below should not be taken as quantitative predictions for the real Ni-Nb system. With the differences in parameters from Ref. 19 ), we have also chosen much lower melting temperatures for the pure metastable phases (BCC Ni and FCC Nb) than in Ref. 19) , to give a qualitatively correct ''deep eutectic'' behavior.
The resulting phase diagram is shown in Fig. 2 . The eutectic composition occurs near x B ¼ 0:5. The T 0 lines for both solid phases are also shown, and intersect near x B ¼ 0:6. Immediately, these results show that partitionless growth can be suppressed to the lowest temperature at a composition significantly off-eutectic. Above the T 0 ðxÞ lines, the liquid phase has a lower free energy than the corresponding solid phase with the same composition, and neither nucleation nor growth can occur without composition changes. This calculation also indicates that at large undercoolings, primary growth may occur, even at compositions larger than the eutectic composition. 18) For the pure phases, the critical nucleus energies G Ã have been calculated using eq. (1), assuming the interfacial free energy follows the Turnbull form 12,13)
with C T ¼ 1=2 for the FCC phase, and 1/3 for the BCC phase. The product T m ÁS is simply the latent heat. This relects a lower value for a BCC phase, which may have a significantly lower interfacial free energy. [22] [23] [24] Nucleation is expected to occur rapidly once G Ã drops below approximately 50RT. 17) For the pure phases (x B ¼ 0 and x B ¼ 1), with the value of given by eq. (4), this calculation predicts a maximum undercooling ÁT=T m % 0:2 for the FCC phase, 
in accordance with experimental observations. [12] [13] [14] For the binary case, the appropriate choice is not clear. We have assumed that the above formula works, but with a scaled T m :
All other parameters in eq. (4) are independent of x, except for the density term which cancels out. This is the simplest assumption that gives the correct limits for the pure case. In Fig. 2 , the temperatures where G Ã ¼ 50RT are plotted. For the slower nucleating non-diffusive case, at a composition near x B ¼ 0:65, the critical nucleus energy is above 50RT for both and phases until temperatures near 700 K (where the curves cross). This suggests that at this composition, nucleation may be suppressed well below the eutectic solidification temperature ($1200 K). In contrast, the fast diffusion calculation predicts rapid nucleation above 1000 K at this composition. In the latter case, the ideal composition where the critical nucleus free energy is maximized is closer to the eutectic composition; at this composition, the predicted maximum undercooling occurs near 1000 K.
Conclusions
The calculations demonstrate that different assumptions concerning the composition of the crystal nucleus has a dramatic effect on the critical nucleus free energy, and, therefore, on the rate of nucleation. The effect of diffusion is particularly strong for strongly segregating systems, where the equilibrium composition change upon crystallization is large. In the limit that diffusion is very slow, the nucleus must have the same composition as the surrounding liquid phase, and the driving force for nucleation is significantly reduced from the ''diffusive'' value where the nucleus is in chemical equilibrium with its surrounding liquid.
In the case where diffusion rates are low (as may be expected for a deeply undercooled system, particularly for a ''deep eutectic system''), the critical nucleus energies are much higher than that for the fast diffusion rate, and nucleation is suppressed. This difference in energy is demonstrated by Fig. 2 , where the ''fast diffusion'' curves intersect at a much higher temperature than the ''slow diffusion'' case. To maximize the barrier to nucleation, it is preferable to choose compositions that can be significantly different than the eutectic composition. The intersection of the T 0 lines occurs near x ¼ 0:6, 10% higher than the eutectic composition. In the slow diffusion limit, the intersection of the isoenergy lines for the critical nucleus was found (in this case) to have even a higher composition than that given by the intersection of the T 0 lines, close to x ¼ 0:65.
Interestingly, with the parameters chosen here, rapid quenching is predicted to favor nucleation of the FCC phase over a large composition range, even at hypereutectic compositions where BCC is the primary solidification phase. This is true despite the lower interfacial free energy of the BCC phase. In the case of fast diffusion, the crossover from rapid FCC nucleation to rapid BCC nucleation occurs near the eutectic point. If diffusion is slow, however, BCC nucleation is suppressed, due to the low mutual solubility in BCC and high solubility in the FCC phase. Thus, suggestions that the competition between nucleating BCC or FCC phases is dominated by interfacial free energies 25) are not complete. While this clearly plays an important role, the full thermodynamics and kinetics of nucleation must also be considered.
The simple calculation here may be improved in a number of ways that would provide quantitative differences, though the qualitative results would be the same. While we have roughly based the calculations on the Ni-Nb system, the chosen free energies are not accurate, and the intermetallic phases have been ignored, to present the ideas more clearly. For Ni-Nb, more accurate free energies of the pure phases are available. [19] [20] [21] These free energies would include the proper latent heats, as well as the full temperature-dependence of the free energies rather than relying on the approximation of eq. (2). The free energies of the intermediate phases are also available. Often, the glass formability is controlled by ''metastable'' eutectics, due to the slow nucleation dynamics of highly ordered compounds, and therefore the intermediate phases may not play a significant role.
26) The Turnbull coefficient that controls the interfacial free energy should be specific to the crystal structure, [22] [23] [24] and the appropriate coefficients have been used here for the BCC and FCC phases; however, the coefficients are not known for the intermetallic phases. More difficult to treat is the composition-dependence of the interfacial free energy; little is known about this dependence. 27) A full treatment of nucleation rates also requires the knowledge of the viscosity, as a function of temperature and composition. 28) The approach may be generalized to ternary or higherorder systems as well. In general, combining the types of calculations performed here with ''assessed'' phase diagrams and associated free energies may provide a practical method to better predict in advance what compositions may be the best glass formers. While the ''rules of thumb'' described in the introduction may help select possible additions, the calculations presented here provide more quantitative predictions.
